A new set of reduced equations governing two-dimensional, two-fluid, collisionless magnetic reconnection with arbitrary guide-field is derived. These equations represent a significant advance in magnetic reconnection theory, since the existing reduced equations used to investigate collisionless reconnection are only valid in the large guide-field limit. The new equations are used to calculate the linear growth-rate of a strongly unstable, spontaneously reconnecting, plasma instability, as well as the general linear dispersion relation for such an instability.
I. INTRODUCTION
in the large guide-field limit. 8, 9 In addition, we calculate the linear growth-rate of a strongly unstable, spontaneously reconnecting, plasma instability from our new equations, as well as the general linear dispersion relation for such an instability.
II. DERIVATION OF REDUCED EQUATIONS
A. Basic equations
Standard right-handed Cartesian coordinates (x, y, z) are adopted. In the following, we employ a normalization scheme such that all lengths are normalized to a convenient length-scale a, all magnetic fields to a convenient scale field-strength B 0 , and all times to τ A = a/V A , where V A = B 0 / √ µ 0 n m i . Here, n is the electron/ion number density, which is assumed to be constant. We also assume that the ions are singly charged. Furthermore, m i is the ion mass. Finally, the electrons are assumed to be hot, and the ions cold.
The normalized electron equation of motion takes the form 
where E is the electric field, B the magnetic field, V e the electron velocity, P the electron pressure (which is assumed to be scalar), d i = (c/ω p i )/a (where ω p i = n e 2 / 0 m i ) the normalized collisionless ion skin-depth, and = m e /m i the electron-ion mass ratio.
The normalized sum of the electron and ion equations of motion yields (neglecting electron inertia)
where V = V e +d i J is the ion velocity, and J = ∇∧B. Also, ∇·B = 0, and ∇∧E = −∂B/∂t.
Our system of equations is closed by a simple energy equation:
where Γ = 5/3 is the ratio of specific heats.
B. 2-D equations
Suppose that ∂/∂z ≡ 0. Without loss of generality we can write
and E z = −∂ψ/∂t. The z-component of Eq. (1) yields
The z-component of the curl of (1) reduces to
where
and
To lowest order in , Eqs. (5) and (6) can be rearranged to give
respectively. Here,
where d e = √ d i is the collisionless electron skin-depth. Equation (2) can be written
where P (0) and B (0) are uniform constants, p 1 , p 2 , and b z are all O(1), and
1.
The purpose of the above ordering is to make the compressional Alfvén (CA) wave propagate much faster than any other wave in the system. When this occurs, the CA wave effectively decouples from these other waves, and can therefore be eliminated from our system of equations.
We expect the rapidly propagating CA wave to maintain approximate force balance within the plasma at all times: i.e.,
Hence, it follows from (17) that
We also expect the CA wave to make the plasma flow almost incompressible, so that
The curl of Eq. (13) yields
where U = ∇ 2 ψ. Now, to lowest order, Eqs. (3) and (10) become
We can eliminate ∇·V between the above two equations, making use of (19), to give
D. Reduced equations
Our new set of reduced collisionless equations takes the form
Note that the parameter β measures the strength of the guide-field. The large guide-field limit corresponds to β 1, whereas β 1 corresponds to the small guide-field limit. Note also that d i only occurs in our reduced equations in the combination
Eqs. (25)- (28) which take electron inertia into account.
E. Zero guide-field limit
In the zero guide-field limit, B (0) → 0, which corresponds to β → ∞, we adopt the modified ordering
1 is a uniform constant, and p 1 , b z are O(1). As before, the purpose of this ordering scheme is to make the compressional Alfvén wave propagate much faster than any other wave in the system. From Eq. (3), the above ordering scheme implies that ∇ · V = 0. In this limit, the remaining two-fluid equations readily yield Eqs. (25)- (28), with c β = 1 and
We conclude that Eqs. (25)- (28) hold in the zero, small, and large guide-field limits, as long as the compressional Alfvén wave propagates more rapidly than any other wave in the system.
III. LARGE ∆ GROWTH-RATE A. Introduction
Let us calculate the linear growth-rate of a reconnecting instability from Eqs. (25)- (28) in the limit in which the tearing stability index 12 ∆ is very large.
φ(x, y, t) =φ(x) e i (k y+γ t) ,
where˜denotes a perturbed quantity.
Throughout most of the plasma, the perturbation is governed by the equations of ideal- 
where g = γ/k.
etc. The above Fourier transform should be understood in the generalized sense, since φ(x)
is not square-integrable. The Fourier transformed layer equations take the form
respectively.
B. Inner layer
In the limit p c β /g, d 
, and Q = g/d β .
In the limit r → 0, the asymptotic solution of the above equation takes the form
where ν = (1/2) ( √ 1 + 4 Q 2 − 1), and α is determined by the condition that the solution to (48) be well-behaved as r → ∞.
Suppose that Q 1, which implies that 0 < ν 1. For r < ∼ 1, Eq. (48) yields
Integrating, and comparing with (49) (recalling that ν → 0), we obtain
for r < ∼ 1.
For r 1, Eq. (48) reduces to
which is a parabolic cylinder equation. 13 The solution which is well-behaved as r → ∞ is
where U(a, x) is a standard parabolic cylinder function. 13 For 1 r (Q c β ) −1/2 , we
where Γ(x) is a standard gamma function. 13 Finally, comparing with Eq. (51), we find
Note that G(x) → 1 as x → ∞.
C. Outer layer
Suppose that x d e . In this limit, the real-space layer equations (41)- (43) reduce to
Now, we expect the solution to the above equation to match to the ideal-MHD solution at (relatively) large x. Thus,φ
at large x, where ∆ is the standard tearing stability index.
at large x. Thus, integrating Eq. (57), we obtain
In the large ∆ limit (i.e., 1/∆ → 0), the above equation reduces to 
where α 1 is determined by the condition that V not blow-up as s → ∞. However, since
Eq. (62) has exactly the same form as Eq. (48), we immediately deduce that
Fourier transforming (63), we obtain the asymptotic solution
in Fourier space. Comparison with (49) yields
in the limit ν → 0. It follows from (55) that
Our derivation of this expression is valid provided
and d β d e . These constraints all reduce to the single constraint β m e /m i .
D. Discussion
We have derived the linear dispersion relation (67) from our reduced equations in the large ∆ limit. This dispersion relation yields
for m e /m i β (m e /m i ) 1/4 , and
for (m e /m i )
β. Note that our derivation of (67) (67) is valid in both the large and small guide-field limits.
IV. SMALL ∆ GROWTH-RATE
Let us now calculate the linear growth-rate of a reconnecting instability from Eqs. (25)-(28) in the limit in which the tearing stability index ∆ is relatively small.
In the small ∆ limit, we expect the tearing layer to be localized on the d e length-scale, and to be governed solely by electron physics. Taking Eqs. (45) and (46), and neglecting the ion terms (i.e., the terms involvingφ and d 2Z /dp 2 ), we obtain
where r = d e p and Q = g/d β . The solution to (71) which is well-behaved as r → ∞ has the small r expansionZ 
andψ
It follows by matching to the standard ideal-MHD solution,
Hence, we conclude that
for β (∆ d e ) 2 , and
The dispersion relation (77) was first obtained by Mirnov, et al. For finite ∆ , Eqs. (60) and (62) yield
VI. SUMMARY
We have derived a novel set of reduced equations, (25)-(28), governing 2-D, two-fluid, collisionless magnetic reconnection with (essentially) arbitrary guide-field. These equations represent a major advance in reconnection theory, since the reduced equations previously used to investigate collisionless reconnection 8, 9 are only valid in the large guide-field limit.
Using our equations, we have calculated the linear growth-rate of a highly unstable, spontaneously reconnecting, plasma instability. Our expression for the growth-rate, (67), is valid in both the large and small guide-field limits. This expression was previously obtained by Mirnov, et al. 15 However, the derivation given in Ref. We have also derived the general linear dispersion relation, (95), of a spontaneously reconnecting plasma instability. This result was previously obtained Mirnov, et al. 15 using a heuristic argument.
In future work, we intend to investigate the nonlinear properties of our new equations.
